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Abstract
This article willpresent a fluid dynamical theory for breakdown waves in which the direction of electric field force on
electrons is in the opposite direction of wave propagation. We willrefer to such waves as antiforce waves. The set of equations
describing the model willinclude the equation of particle mass balance, equation of conservation of momentum, and equation
of conservation of energy, coupled with Poisson's equation. This model treats the potential wave front as an electron shock
wave propagating forward mainly due to the electron impact ionization. The shock front is succeeded by a thin dynamical
transition region (sheath region) in which the electric field reduces to zero and the electron velocity approaches that of heavy
particle velocity. Following the sheath region, ionization continues as long as electrons possess sufficient thermal energy. This
thermal region is referred to as the quasi-neutral region. For antiforce waves, we have been able to integrate the set of electron
fluid dynamical equations through the sheath region and through the quasi-neutral region. Our results conform to the expected
physical conditions at the end of the sheath region and at the end of the quasi-neutral region. For three wave propagation
velocities we will present the wave profile for each of the following: the electric field as a function of electron velocity inside
the sheath, the ionization rate inside the sheath region and the quasi-neutral region, and the electron temperature and number
density inside the quasi-neutral region.
for return discharge waves.
Asinovski et al. (1994) reported that an increase in the
applied voltage leads to an increase in wave velocity. They
also reported that in a low-pressure region, the propagation
speed of breakdown waves of positive polarity is less than
those of negative polarity.
A lack of Doppler shift in the spectral lines of the
radiation emitted during the gas electrical discharge
indicates an absence of heavy particle (ions and neutral
particles) motion. The breakdown wave propagation
therefore must be due to the electron mobility only.
Consequently, Shelton et al. (1968) referred to such waves as
Electron Fluid Dynamical Waves. They assumed that the
high temperature electron gas expands very rapidly
producing an electron shock wave. Therefore, they
formulated a set of one-dimensional, steady state, fluid
equations to describe breakdown waves. Shelton's set of
electron fluid dynamical equations consist of the equation of
conservation of mass, momentum, and energy plus
Poisson's equation. Using an approximation method,
Shelton et al. (1968) solved the set of electron fluid
dynamical equations and the results of their approximate
solutions conform to experimental results reasonably well.
Fowler et al. (1984) completed Shelton's set of electron
fluid dynamical equations, adding several terms to the
energy equation, among which the heat conduction term
proved to be the most significant one. Also, Fowler et al.
(1984) allowed for temperature derivative discontinuity at
the shock front. Their allowance for temperature derivative

Introduction
Hauksbee (1706) is believed to be the first person to
study luminous pulses caused by a large potential difference
between two electrodes in evacuated chambers. Hauksbee's
research led him to discover the conditions for producing
luminous pulses in gases.
Snoddy et al. (1937) made extensive measurements on
the speed of propagation of breakdown waves in long
discharge tubes containing dry air at different air pressures.
In their experiments, they used discharge tubes with three
different diameters. They observed that at approximately
constant applied potential of 1.25 x 10 5V and low air
pressure range, the breakdown wave speed increases with
increasing air pressure. Keeping their tube diameter
constant, they did not detect a considerable change in wave
propagation speed when they conducted their experiments
in dry air, CO2 or H2. However, they did discover a linear
relationship between breakdown wave speed and applied
potential at constant pressure in dry air. They observed that
immediately following the initial wave, which propagates
from the high voltage end to the grounded end of the tube,
a second return stroke would propagate in the opposite
direction. For the return stroke, the electric field force on
electrons is in the opposite direction of wave propagation.
This electric field force, however, is overcome by the
electron gas partial pressure, which being very large
provides the driving force for wave propagation. Snoddy et
al. (1937) reported a wave speed of approximately 10^ m/s
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discontinuity proved to be essential in integration of the
electron fluid dynamical equations through the sheath
region.

= -<okv

subscript (1), the variable values at the end of the sheath
with a subscript (2), and the variable values at the end of the
quasi-neutral region with a subscript (f).
At the wave front the electron velocity is less than the
wave velocity {\f/\ < 1); therefore, according to Equation 8,

-

2
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I

the net electric field intensity will increase {(-J) > 0} until
electrons gain speeds in excess of ions and heavy particles
(y> 1). The electric field then willstart decreasing. Since a
conductor cannot support an electric field, the magnitude of
the electric field has to approach zero at the end of the
sheath region (r|2 -» 0). Without the supporting potential of
the electric field the electrons gradually slow down due to
collisions with neutral particles until their speeds compare
with that of the ions and heavy particles {if/?*1).
Successful integration of the non-dimensional electron
fluid dynamical equations makes it possible to attain values
of the variables including electron number density,
ionization rate, electron temperature, and position at the
end of the sheath region. The variable values at the end of
the sheath region will constitute the initial conditions for
integration of the set of electron fluid dynamical equations
through the quasi-neutral region. The electron number
density, vf, should approach one at the end of the quasineutral region, because the hot electron gas following the
sheath region ionizes neutral particles during its cooling.
Electrostatic energy density, therefore, is converted into
ionization density behind the wave, resulting in neutral
plasma. Electrons at the end of the quasi-neutral region
reach thermal equilibrium with surrounding heavy particles.
The dimensionless electron temperature, % in this region
has to approximately reduce to 0.065.
All attempts in integration of Equations (5-8) through
the quasi-neutral region failed. In our final attempt in
integration of the set of electron fluid dynamical equations
through the quasi-neutral region we chose to utilize the
original form of the equations. Expressed in dimensionless
variables, these original equations are

(i)
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Where Eo is electric field magnitude at the wave front, m is
the electron mass, e is the electron charge, n is the electron
number density, E is the electric field inside the sheath, v is
the electron velocity, Tg is the electron temperature, k is the
Boltzman's constant, Mis the neutral particle mass, K'\s the
elastic collision frequency, x is the position in the wave
profile, j8 is the ionization frequency, <p is the ionization
potential of the gas, and Fis the wave velocity.
For antiforce waves, the electron fluid dynamical
equations have to be modified due to the change in the
electric field direction at the shock front. Also, we introduce
an appropriate set of non-dimensional variables, which
takes the direction of the electric field force on electrons into
consideration. The non-dimensional variables employed are
E

v
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Where v is the non-dimensional electron number density, 77
is the net electric field (applied plus space charge field), yMs
the electron velocity, 6 is the electron gas temperature, t, is
the position within the sheath, \X is the ionization rate, Kand
a are wave parameters.
In non-dimensional form, the electron fluid dynamical
equations representing antiforce waves become:
d(vyf)
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Fowler's (1984) set of electron fluid dynamical
equations: equations of conservation of mass, momentum,
and energy plus Poisson's equation for proforce waves
respectively are
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We willdefine the variable values at the wave front with a
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We will use Ibarra et al.'s (2002) approach to integrate
the set of equations through the quasi-neutral region.
Expanding the momentum balance equation (Equation 6)
and using the equation of conservation of mass balance in
the expanded form to solve for (—), the singularity inherent

The data indicates that sheath thickness increases as
wave velocity decreases. A value of a = 0.01 represents a
wave speed of 3xl07 m/s and a = 2.0 represents a
moderately slow wave possessing a velocity of 2x10^ m/s.
We were also able to integrate the set of equations through
the sheath and quasi-neutral region for a = 0.005. a= 0.005
represents a fast wave speed of V = 108 m/s.
Figure 1 is a graph of the electric field, T|, as a function
of electron velocity, ¥, inside the sheath region. Figure 2 is
a graph of the ionization rate, (I, as a function of position, £,
inside the sheath region, t, = 5.72 represents a sheath
thickness of 0.03 mm.
Figure 3 is a graph of the ionization rate, u, as a function
of position, £, inside the quasi-neutral region. Figure 4 is a
log-log plot of the electron temperature, 9, as a function of

in the set of equations appears in the denominator of the
equation

_ k(1+ /j)(1- y/)y/ -iqiaO -rjy/ -ay/0'

dy

d4

y/

2

-aO

When the denominator in

dy/.

(

approaches zero,

,dy

>

approaches infinity. This would indicate a shock within the
sheath region. Since no new shock is possible inside the
sheath, therefore, the denominator and numerator must
both approach zero at the same time. This condition allows
one to choose a starting value for \j/l, for a given value of K,
a, and t>j, by trial and error. We note that, at the end of the
sheath region, the electron velocity, vj/, becomes equal to one
and (£^) approaches zero. Also, the electric field, £, and its
dZ
d ,
derivative, (—)
both approach zero at the end of the sheath
dq
region. The resulting formulated equations with respect to
previously noted conditions are

position, £,, inside the quasi-neutral region. 0 = 20 represents
an electron temperature of approximately 10 7 K.Figure 5 is
a plot of electron number density, v, as a function of
position, £, inside the quasi-neutral region, v = 1 represents
an electron number density of approximately 10 20
electrons/m 3.
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a = 0.1
a =1.0
*w.

(13)
\ \
\

0.8

(14)

t
// 0.6

We have been successful in integrating equations (13- 14)

?

through the quasi-neutral region for antiforce waves
propagating into a non-ionized medium. For three wave
speeds, our solutions meet the expected conditions at the
trailing edge of the wave (vf=l, and 8f=0.065).
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Results

oJ
0

For wave speeds of a = 0.05, a = 0.1, and a = 1.0, we
have successfully integrated the electron fluid dynamical
equations through both the sheath and quasi-neutral region.
After integration of Equations (5-8) throughout the sheath
region we needed to integrate Equations (13) and (14)
through the quasi-neutral region. The following initial
values for electron number density (vj), electron velocity
(\|/l), and wave parameter (k) were utilized in order to obtain
solutions that met the expected physical conditions at the
end of the sheath region and the quasi-neutral region.
v,
a
k
\\fi
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Fig. 1. Electric field, r), as a function of electron velocity, M'>
inside the sheath region for a = 0.05, a = 0.1, and a = 1.

Our study of antiforce waves, or waves that propagate
in the opposite direction as the electric field force on
electrons, is exemplified in nature by lightning's return

>

stroke. The range of speed for which our integration of the
set of electron fluid dynamical equations has been
successful, conform to the experimental results reported by
Rakov et al. (1998). They employed triggered-lightning
on lightning
experiments to make measurements
propagation speeds, temperatures, light intensity, and
electric fields, and their average return stroke speeds are
indeed on the order of 10 8 m/s.
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Fig. 2. Ionization rate, U., as a function of position, £, inside
the sh(
sheath region for a = 0.05, a = 0.1, and a = 1.

Fig. 4. Electron temperature, 8, as a function of position, £.
inside the quasi-neutral region for oc=0.05, a=0.1, and a=l.
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Fig. 3. Ionization rate, (I, as a function of position, £, inside
the quasi-neutral region for cx=0.05, a=0.1, and a=l.
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Fig. 5. Electron number density, v, as

a function of position,
£, inside the quasi-neutral region for a=0.05, oc=0.1, and a=l.

Conclusions
For antiforce waves, we have been able to integrate the
of electron fluid dynamical equations through both the
sheath region and the quasi-neutral region for a range of
wave speeds. The solutions meet the expected physical
conditions at the end of the sheath region and the quasineutral region. The range of speeds for which integration of
the set of electron fluid dynamical equations become
possible conforms to the experimental results. This is
another confirmation on the validity of the application of
fluid equations to breakdown waves.
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